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Quantization
Exact relations
at Classical

limit

Classical integrable equations in quantum 
integrable models at              



  

Quantum integrable modelsQuantum integrable models

Heisenberg XXX spin chain

Exact solution (Bethe ansatz)

Bethe equations:



  

Bethe equations:



  

Heisenberg XXX model via the Quantum 
inverse scattering method 

The quantum Lax operator

 The Lax operator on j-th site

=



  

The Yang-Baxter relation

The R-matrix



  

Quantum transfer matrix



  

auxiliary space
quantum space

- twist matrix

Generalization: inhomogeneous model 
with twisted boundary condition

The Hamiltonians are non-local



  

Bethe equations

Eigenvalues of T(x) are given by

Another normalization:



  

Limit to the Gaudin model

Gaudin Hamiltonians

is the permutation operator



  

Eigenvalues of the Gaudin Hamiltonians:

Bethe equations:



  

Calogero-Moser model

Exactly solvable many-body problem of classical mechanics

The Hamiltonian: 

Equations of motion: 



  

Integrability of the Calogero-Moser model

Equations of motion can be written in the Lax form

where (the Lax matrix) 

This means that

and, therefore,



  

The Lax matrix: The Lax matrix: 



  

Hamiltonians in involution:

In particular:

Explicit expression for integrals of motion: 

(K.Sawada and T.Kotera, 1975)



  

The quantum-classical (QC) dualityThe quantum-classical (QC) duality

Calogero-Moser Gaudin 

Quantum Classical

Possible values of 
such that spectrum of  L is 

correspond to eigenvalues of

(a kind of inverse spectral problem for the Lax matrix)



  

Back to the inhomogeneous XXX chain

The spectrum of is related, in a similar way, to possible 

to possible values of particles velocities in the

classical Ruijsenaars N-body model 



  

Ruijsenaars model

Exactly solvable many-body problem of classical mechanics

The Hamiltonian: 

Equations of motion: 



  

Integrability of the Ruijsenaars model

Equations of motion can be written in the Lax form

where (the Lax matrix) 

This means that

and, therefore,

The matrix A can be also written explicitly



  

The Lax matrix



  

The quantum-classical (QC) dualityThe quantum-classical (QC) duality

Ruijsenaars XXX chain 

Quantum Classical

Possible values of 
such that spectrum of  L is 

correspond to eigenvalues of

(a kind of inverse spectral problem for the Lax matrix)
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