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Green Parastatistics

Creation-Annihilation Algebra of H.S.Green (1953)

[[a†i , aj ], a
†
k ] = 2δjka

†
i [[a†i , aj ], ak ] = −2δikaj

[[a†i , a
†
j ], a†k ] = 0 [[ai , aj ], ak ] = 0

(1)

Para-Fock space F =
⊕

r≥0Fr (space of states)
built on an unique vacuum state |0〉 such that ai |0〉 = 0

a†i1 . . . a
†
ir
|0〉 ∈ Fr

Basis-free definition of F generated in V =
⊕

i∈I Ka†i

PS(V ) = T (V )/([[V ,V ]⊗,V ]⊗)

where (I) stands for a two-sided ideal generated by I
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Parastatistics Algebra PS(V )

Let g = V ⊕ Λ2V be 2-step nilpotent Lie algebra

generated in V having the Lie bracket

[u, v ] =

{
u ∧ v ∈ Λ2V

0 otherwise

The algebra PS(V ) is the Universal Enveloping Algebra of the
graded Lie algebra g = V ⊕ Λ2V

PS(V ) := Ug = U(V ⊕ Λ2V ) (2)

To be compared with S(V ) = U(V ) for nilpotent alg [V ,V ] = 0
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Parastatistics Algebra PS(V ) and Young Tableaux

Theorem

Let Sλ(V ) be the Schur module associated with Young diagram λ.
The algebra PS(V ) is a GL(V )-model, i.e., every irreducible
polynomial GL(V )-representations appears once and exactly once

PS(V ) =
⊕
λ

Sλ(V )

The Young tableaux label the basis of PS(V ).

Proof: The Cauchy formula is an identity of characters∏
i

1

1− xi

∏
i<j

1

1− xixj
=
∑
λ

sλ(x)

where sλ(x) = chSλ(V ) stands for the Schur polynomial of dimV
variables.
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Chevalley-Eilenberg Complex of Ug-modules

Ug - Universal Enveloping Algebra of a Lie algebra g

Chevalley-Eilenberg complex C•(g) = (Cp, dp)

Cp = Ug⊗K ∧pg dp : Cp → Cp−1 (3)

dp(u ⊗ x1 ∧ . . . ∧ xp) =
∑
i

(−1)i+1uxi ⊗ x1 ∧ . . . ∧ x̂i ∧ . . . ∧ xp (4)

+
∑
i<j

(−1)i+ju ⊗ [xi , xj ] ∧ x1 ∧ . . . ∧ x̂i ∧ . . . ∧ x̂j ∧ . . . ∧ xp (5)

Theorem (Chevalley-Eilenberg)

The chain complex C (g)
ε→ K is a resolution.
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Example: Koszul Complex of Polynomial Algebra S(V )

V vector space over K (charK = 0 ) of dimension D
Example: Abelian Lie algebra generated in V , [V ,V ] = 0

PBW: its

UEA is the Symmetric Algebra U(V ) ∼= S(V )

Koszul complex of the Symmetric Algebra S(V ), D = dimV

0→ SV ⊗ ΛDV → SV ⊗ ΛD−1V → · · · (6)

· · · → S V ⊗ Λ2V → S V ⊗ V → S V → K→ 0 (7)
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Chevalley-Eilenberg for 2-nilpotent g = V ⊕ Λ2V

The Poincaré-Birkhoff-Witt theorem for PS(V ) = Ug yields

PS(V ) = U(V ⊕ Λ2V ) ∼= S(V ⊕ Λ2V ) (8)

The Chevalley-Eilenberg complex of g = V ⊕ Λ2V is acyclic

C (g) =
⊕
p≥0

PS(V )⊗ Λpg (9)

C (g) =
⊕
p≥0

S(V ⊕ Λ2V )⊗ Λp(V ⊕ Λ2V ) (10)
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The Poincaré-Birkhoff-Witt theorem for PS(V ) = Ug yields

PS(V ) = U(V ⊕ Λ2V ) ∼= S(V ⊕ Λ2V ) (8)

The Chevalley-Eilenberg complex of g = V ⊕ Λ2V is acyclic

C (g) =
⊕
p≥0

PS(V )⊗ Λpg (9)

C (g) =
⊕
p≥0

S(V ⊕ Λ2V )⊗ Λp(V ⊕ Λ2V ) (10)

Todor Popov Parastatistics and C∞



Resolution of PS-module K

There exists a minimal free resolution P of left PS-modules

P : 0→ Pd → · · · → Pn → · · · → P2 → P1 → P0 → K

Free implies Pn = PS ⊗ En

Minimal implies that the complex K⊗PS P has ”zero differentials”
hence H•(K⊗PS P) = K⊗PS P and

En = TorPSn (K,K)

En = Hn(K⊗PS C (g)) ∼= Hn(g,K) ∼= TorPSn (K,K)
Homology

H•(g,K) ∼= TorPS• (K,K)

The minimal resolution reads P• = PS ⊗ H•(g,K)
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Homology H•(g,K) is bigraded

H•(g,K) ∼= H•(K⊗PS C (g)) ∼= TorPS• (K,K)

Λpg = Λp(V ⊕ Λ2V ) =
∑

r+s=p

Λr (Λ2V )⊗ Λs(V ) (11)

w := (e1 ∧ e2) ∧ . . . ∧ (e2r−1 ∧ e2r ) ∈ Λr (Λ2V )

∂p(w ⊗ e1 ∧ . . . ∧ es) :=∑
i<j

(−1)i+j [ei , ej ] ∧ w ⊗ e1 ∧ . . . ∧ êi ∧ . . . ∧ êj ∧ . . . ∧ es =

∑
i<j

(−1)i+j(ei ∧ ej) ∧ w ⊗ e1 ∧ . . . ∧ êi ∧ . . . ∧ êj ∧ . . . ∧ es

homological deg. p = r + s , tensor deg. t = 2r + s !

∂p : Λr (Λ2V )⊗ Λs(V )→ Λr (Λ2V )⊗ Λ2V ⊗ Λs−2(V )→
→ Λr+1(Λ2V )⊗ Λs−2(V ) (12)
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∑
i<j

(−1)i+j(ei ∧ ej) ∧ w ⊗ e1 ∧ . . . ∧ êi ∧ . . . ∧ êj ∧ . . . ∧ es

homological deg. p = r + s , tensor deg. t = 2r + s !

∂p : Λr (Λ2V )⊗ Λs(V )→ Λr (Λ2V )⊗ Λ2V ⊗ Λs−2(V )→
→ Λr+1(Λ2V )⊗ Λs−2(V ) (12)
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Homology H•(g,K) as a GL(V )-module

H•(g,K) ∼= H•(K⊗PS C (g)) ∼= TorPS• (K,K)

Theorem (Jozefiak and Weyman)

The homology of the chain complex (Λpg, ∂p) decomposes into
irreducible GL(V )-modules as follows

Hn(g,K) = Hn(Λg, ∂) ∼= TorPSn (K,K)(V ) ∼=
⊕
λ:λ=λ′

Sλ(V ) (13)

the sum is over self-conjugate λ such that n = 1
2 (|λ|+ r(λ)).

The minimal free resolution of K by left PS-modules

P : 0→ Pd → · · · → Pn → · · · → P2 → P1 → P0 → K

Pn = PS ⊗ En with En = TorPSn (K,K)
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Representation theory meaning of Littlewood formula

Jozefiak and Weyman(1985)
Representation-theory interpretation of Littlewood formula

∏
i

(1− xi )
∏
i<j

(1− xixj) =
∑
λ:λ=λ′

(−1)
1
2

(|λ|+r(λ))sλ(x) (14)

sum over self-conjugated Young diagrams λ = λ′

Character of the chain complex P⊕
n≥0

⊕
λ : λ = λ′

1
2 (|λ|+ r(λ)) = n

S(V ⊕ Λ2V )⊗ Sλ(V ) (15)

1 =
∏
i

1

(1− xi )

∏
i<j

1

(1− xixj)

∑
λ:λ=λ′

(−1)
1
2

(|λ|+r(λ))sλ(x) (16)

Todor Popov Parastatistics and C∞



Representation theory meaning of Littlewood formula

Jozefiak and Weyman(1985)
Representation-theory interpretation of Littlewood formula∏

i

(1− xi )
∏
i<j

(1− xixj) =
∑
λ:λ=λ′

(−1)
1
2

(|λ|+r(λ))sλ(x) (14)

sum over self-conjugated Young diagrams λ = λ′

Character of the chain complex P⊕
n≥0

⊕
λ : λ = λ′

1
2 (|λ|+ r(λ)) = n

S(V ⊕ Λ2V )⊗ Sλ(V ) (15)

1 =
∏
i

1

(1− xi )

∏
i<j

1

(1− xixj)

∑
λ:λ=λ′

(−1)
1
2

(|λ|+r(λ))sλ(x) (16)

Todor Popov Parastatistics and C∞



Representation theory meaning of Littlewood formula

Jozefiak and Weyman(1985)
Representation-theory interpretation of Littlewood formula∏

i

(1− xi )
∏
i<j

(1− xixj) =
∑
λ:λ=λ′

(−1)
1
2

(|λ|+r(λ))sλ(x) (14)

sum over self-conjugated Young diagrams λ = λ′

Character of the chain complex P

⊕
n≥0

⊕
λ : λ = λ′

1
2 (|λ|+ r(λ)) = n

S(V ⊕ Λ2V )⊗ Sλ(V ) (15)

1 =
∏
i

1

(1− xi )

∏
i<j

1

(1− xixj)

∑
λ:λ=λ′

(−1)
1
2

(|λ|+r(λ))sλ(x) (16)

Todor Popov Parastatistics and C∞



Representation theory meaning of Littlewood formula

Jozefiak and Weyman(1985)
Representation-theory interpretation of Littlewood formula∏

i

(1− xi )
∏
i<j

(1− xixj) =
∑
λ:λ=λ′

(−1)
1
2

(|λ|+r(λ))sλ(x) (14)

sum over self-conjugated Young diagrams λ = λ′

Character of the chain complex P⊕
n≥0

⊕
λ : λ = λ′

1
2 (|λ|+ r(λ)) = n

S(V ⊕ Λ2V )⊗ Sλ(V ) (15)

1 =
∏
i

1

(1− xi )

∏
i<j

1

(1− xixj)

∑
λ:λ=λ′

(−1)
1
2

(|λ|+r(λ))sλ(x) (16)

Todor Popov Parastatistics and C∞



Representation theory meaning of Littlewood formula

Jozefiak and Weyman(1985)
Representation-theory interpretation of Littlewood formula∏

i

(1− xi )
∏
i<j

(1− xixj) =
∑
λ:λ=λ′

(−1)
1
2

(|λ|+r(λ))sλ(x) (14)

sum over self-conjugated Young diagrams λ = λ′

Character of the chain complex P⊕
n≥0

⊕
λ : λ = λ′

1
2 (|λ|+ r(λ)) = n

S(V ⊕ Λ2V )⊗ Sλ(V ) (15)

1 =

∏
i

1

(1− xi )

∏
i<j

1

(1− xixj)

∑
λ:λ=λ′

(−1)
1
2

(|λ|+r(λ))sλ(x) (16)

Todor Popov Parastatistics and C∞



Representation theory meaning of Littlewood formula

Jozefiak and Weyman(1985)
Representation-theory interpretation of Littlewood formula∏

i

(1− xi )
∏
i<j

(1− xixj) =
∑
λ:λ=λ′

(−1)
1
2

(|λ|+r(λ))sλ(x) (14)

sum over self-conjugated Young diagrams λ = λ′

Character of the chain complex P⊕
n≥0

⊕
λ : λ = λ′

1
2 (|λ|+ r(λ)) = n

S(V ⊕ Λ2V )⊗ Sλ(V ) (15)

1 =
∏
i

1

(1− xi )

∏
i<j

1

(1− xixj)

∑
λ:λ=λ′

(−1)
1
2

(|λ|+r(λ))sλ(x) (16)

Todor Popov Parastatistics and C∞



Representation theory meaning of Littlewood formula

Jozefiak and Weyman(1985)
Representation-theory interpretation of Littlewood formula∏

i

(1− xi )
∏
i<j

(1− xixj) =
∑
λ:λ=λ′

(−1)
1
2

(|λ|+r(λ))sλ(x) (14)

sum over self-conjugated Young diagrams λ = λ′

Character of the chain complex P⊕
n≥0

⊕
λ : λ = λ′

1
2 (|λ|+ r(λ)) = n

S(V ⊕ Λ2V )⊗ Sλ(V ) (15)

1 =
∏
i

1

(1− xi )

∏
i<j

1

(1− xixj)

∑
λ:λ=λ′

(−1)
1
2

(|λ|+r(λ))sλ(x) (16)

Todor Popov Parastatistics and C∞



Yoneda Algebra Ext•PS(K,K) ∼= H•(g,K)

Yoneda algebra Ext•PS(K,K) is identified with the cohomology of g

Ext•PS(K,K) ∼= H•(g,K) ∼= H∗• (g,K)

ExtnPS(K,K) = Hn(Homg(C (g),K)) ∼= Hn(g,K) ∼= E ∗n

H i (g,K) ∧ H j(g,K)→ H i+j(g,K)

Corollary

The cohomology H•(g,K) of the 2-nilpotent Lie algebra
g = V ⊕ Λ2V decomposes into irreducible GL(V ∗)-modules

H•(g,K) ∼= Hn(Λg∗, δ) ∼= ExtnPS(K,K)(V ∗) ∼=
⊕
λ:λ=λ′

Sλ(V ∗)

(17)
the sum is over self-conjugate λ such that n = 1

2 (|λ|+ r(λ)).

The elements of H•(g,K)
1−1←→ self-conjugated Young Tableaux!
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A∞-algebras

Associative algebra up tp homotopy, A∞ (strong homotopy alg).
An A∞-algebra over K is a Z-graded vector space

A =
⊕
p∈Z

Ap

endowed with a family of graded K-linear maps

mn : A⊗n → A, deg(mn) = 2− n n ≥ 1

satisfying the Stasheff identities SI(n) for n ≥ 1

∑
r+s+t=n

(−1)r+stmr+1+t(id
⊗r ⊗ms ⊗ id⊗t) = 0 SI(n)

sum over all trees with n = r + s + t leafs.

r ≥ 0 t ≥ 0 s ≥ 1
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Stasheff identities SI(n) (n ≤ 5)

m2
1 = 0 (i .e., d := m1) SI(1)

m1m2(id , id)−m2(m1, id)−m2(id ,m1) = 0(= ∂m2) SI(2)

we use the shorthand ∂mn := dmn −
(−1)n (mn(d , id , . . . , id) + mn(id , d , id , . . . , id) + . . .+ mn(id , . . . , id , d))

m2(id ,m2)−m2(m2, id) = ∂m3 SI(3)

A∞-algebra with only m1 and m2 non-trivial is DGA!

m2(m3, id) + m2(id ,m3)−
−m3(m2, id , id) + m3(id ,m2, id)−m3(id , id ,m2) = ∂m4 SI(4)

m3(m3, id , id) + m3(id ,m3, id) + m3(id , id ,m3) = ∂m5 SI(5)

Todor Popov Parastatistics and C∞



Stasheff identities SI(n) (n ≤ 5)

m2
1 = 0 (i .e., d := m1) SI(1)

m1m2(id , id)−m2(m1, id)−m2(id ,m1) = 0(= ∂m2) SI(2)

we use the shorthand ∂mn := dmn −
(−1)n (mn(d , id , . . . , id) + mn(id , d , id , . . . , id) + . . .+ mn(id , . . . , id , d))

m2(id ,m2)−m2(m2, id) = ∂m3 SI(3)

A∞-algebra with only m1 and m2 non-trivial is DGA!

m2(m3, id) + m2(id ,m3)−
−m3(m2, id , id) + m3(id ,m2, id)−m3(id , id ,m2) = ∂m4 SI(4)

m3(m3, id , id) + m3(id ,m3, id) + m3(id , id ,m3) = ∂m5 SI(5)

Todor Popov Parastatistics and C∞



Stasheff identities SI(n) (n ≤ 5)

m2
1 = 0 (i .e., d := m1) SI(1)

m1m2(id , id)−m2(m1, id)−m2(id ,m1) = 0(= ∂m2) SI(2)

we use the shorthand ∂mn := dmn −
(−1)n (mn(d , id , . . . , id) + mn(id , d , id , . . . , id) + . . .+ mn(id , . . . , id , d))

m2(id ,m2)−m2(m2, id) = ∂m3 SI(3)

A∞-algebra with only m1 and m2 non-trivial is DGA!

m2(m3, id) + m2(id ,m3)−
−m3(m2, id , id) + m3(id ,m2, id)−m3(id , id ,m2) = ∂m4 SI(4)

m3(m3, id , id) + m3(id ,m3, id) + m3(id , id ,m3) = ∂m5 SI(5)

Todor Popov Parastatistics and C∞



Stasheff identities SI(n) (n ≤ 5)

m2
1 = 0 (i .e., d := m1) SI(1)

m1m2(id , id)−m2(m1, id)−m2(id ,m1) = 0(= ∂m2) SI(2)

we use the shorthand ∂mn := dmn −
(−1)n (mn(d , id , . . . , id) + mn(id , d , id , . . . , id) + . . .+ mn(id , . . . , id , d))

m2(id ,m2)−m2(m2, id) = ∂m3 SI(3)

A∞-algebra with only m1 and m2 non-trivial is DGA!

m2(m3, id) + m2(id ,m3)−
−m3(m2, id , id) + m3(id ,m2, id)−m3(id , id ,m2) = ∂m4 SI(4)

m3(m3, id , id) + m3(id ,m3, id) + m3(id , id ,m3) = ∂m5 SI(5)

Todor Popov Parastatistics and C∞



Stasheff identities SI(n) (n ≤ 5)

m2
1 = 0 (i .e., d := m1) SI(1)

m1m2(id , id)−m2(m1, id)−m2(id ,m1) = 0(= ∂m2) SI(2)

we use the shorthand ∂mn := dmn −
(−1)n (mn(d , id , . . . , id) + mn(id , d , id , . . . , id) + . . .+ mn(id , . . . , id , d))

m2(id ,m2)−m2(m2, id) = ∂m3 SI(3)

A∞-algebra with only m1 and m2 non-trivial is DGA!

m2(m3, id) + m2(id ,m3)−
−m3(m2, id , id) + m3(id ,m2, id)−m3(id , id ,m2) = ∂m4 SI(4)

m3(m3, id , id) + m3(id ,m3, id) + m3(id , id ,m3) = ∂m5 SI(5)

Todor Popov Parastatistics and C∞



Stasheff identities SI(n) (n ≤ 5)

m2
1 = 0 (i .e., d := m1) SI(1)

m1m2(id , id)−m2(m1, id)−m2(id ,m1) = 0(= ∂m2) SI(2)

we use the shorthand ∂mn := dmn −
(−1)n (mn(d , id , . . . , id) + mn(id , d , id , . . . , id) + . . .+ mn(id , . . . , id , d))

m2(id ,m2)−m2(m2, id) = ∂m3 SI(3)

A∞-algebra with only m1 and m2 non-trivial is DGA!

m2(m3, id) + m2(id ,m3)−
−m3(m2, id , id) + m3(id ,m2, id)−m3(id , id ,m2) = ∂m4 SI(4)

m3(m3, id , id) + m3(id ,m3, id) + m3(id , id ,m3) = ∂m5 SI(5)

Todor Popov Parastatistics and C∞



Stasheff identities SI(n) (n ≤ 5)

m2
1 = 0 (i .e., d := m1) SI(1)

m1m2(id , id)−m2(m1, id)−m2(id ,m1) = 0(= ∂m2) SI(2)

we use the shorthand ∂mn := dmn −
(−1)n (mn(d , id , . . . , id) + mn(id , d , id , . . . , id) + . . .+ mn(id , . . . , id , d))

m2(id ,m2)−m2(m2, id) = ∂m3 SI(3)

A∞-algebra with only m1 and m2 non-trivial is DGA!

m2(m3, id) + m2(id ,m3)−
−m3(m2, id , id) + m3(id ,m2, id)−m3(id , id ,m2) = ∂m4 SI(4)

m3(m3, id , id) + m3(id ,m3, id) + m3(id , id ,m3) = ∂m5 SI(5)

Todor Popov Parastatistics and C∞



Homotopy Transfer Theorem (Kadeishvili)

(V , dV ) is a homotopy retract of (A, dA), V = H•(A)

h
!!(A, d)

π // (H•(A), 0)
ι

oo

πι = IdH•(A) , ιπ − IdA = dh + hd .

Theorem (Kadeishvili)

Let A be a DGA and let H•(A) be the cohomology ring of A.
There is an A∞- algebra structure on H•(A) with m1 = 0 and m2

induced by the multiplication on A, constructed from the DGA A,
such that there is a quasi-isomorphism of A∞-algebras H•(A)

ι→ A
lifting the identity of H•(A).

µεταφoρα ≡ transport, transfer ‘
Homotopy Metaphor Theorem
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Cohomology H•(g,K) ∼= Ext•PS(K,K) as a C∞ algebra

Lie algebras (finite) and commutative DG algebras

(g, [ , ]) ←→ (Λpg∗, δp)

Corollary (”Metaphors” of the ∧-product)

The cohomology H•(g,K) ∼= H•(Λpg∗, δp) ∼= Ext•PS(K,K) is a
commutative A∞-algebra, or C∞-algebra.

Proof.

Apply the Kadeishvili Homotopy transfer theorem to the
commutative DG algebra g = V ⊕ Λ2V

(Λpg∗, δp) and H•(Λpg∗, δp)

Via a metric g , one gets identified g∗
g∼= g, δp = ∂∗p+1, hp = ∂p

ιπ − IdΛg∗ = ∂∂∗ + ∂∗∂ =: ∆ ker∆ = H•(g,K)
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Higher products on H•(g,K)

Theorem

H•(g,K) ∼= Ext•PS(K,K) is generated in degree 1 as C∞-algebra.

αi ∈ V ∗ = H1(g,K)

m2( α1 , α2 ) = π( α1 ∧ α2 ) = π

(
α1

α2

)
= 0

m3( α1 , α2 , α3 ) =
α1 α2

α3
∈ H2(g,K)

m3(
α1 α2

α3
, α4 , α5 ) =

α1 α2 α3

α4

α5

∈ H3(g,K)

m2(
α1 α2

α3
, α4 ) =

α1 α2

α3 α4
∈ H3(g,K)
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Reference
M. Dubois-Violette, T. Popov. Young tableaux and homotopy
commutative algebra. arXiv:1202.2230

Thank you for your attention!
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