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The aim of this tall is 40 show how two
o(l-fferemi areas in G\FT are 3overneo{ bg

one and +he same algebraic structure.
Then I will discuss the perspectives of

£rans{:ar'|v\g constructions in both directiouns

via this comwoen structure.
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AFT




There s an o,oerao(, which we Ca/f
fxpmmsiom 0péraa/ £

N

whose a(gebras the group associated

are the vertex to this operad is the

(Of‘ OPE> aégebms fenorm. group




o What is a vertex afgebra ?

» What is an operad ¢

* What is the renorm. group and
its action ?
(represen'bation bg :formaé

Ai%eomorpism_g on the
pkasicaﬁ parameters )




A vertex afgebm is the structure closed bg

the OPE . The OPE (Wilson, 1964) was
introduced for the anaegsis of the short

distance behaviour in QFT.
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A vertex afgebm is determined b(y an
inbinite system of bimrg products {:}A




A vertex aggebm S del'ermine/ boq an
inbinite system of bimrg products {:}A

*» Tn D=1 (chiral) Cowformal Field Theory

p(z) V(w) = > (Y(n)\l/)(w) (2-w) ™!
fAcst axiowmatzed ba R. Borcherds (138’5).




A vertex aggebm S del'ermine/ boq an

'W\{—lni‘{'e S‘ane\M O‘F bimrg Pr‘oc{ucv": {:'\(A

* In D=1 (chiraf) Conformal Field ﬂeora
p(z) V(w) = = (Y(n)\l/)(w) (2-w)™"
fAcst axiowmatzed ba R. Borcherds (1986).

* In ”ia}\er D : Borcherds (153@)) M. (.2005)
$or QFT with G.C.T. (N, Todorov 2000)
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Viewimg Vertex afgebras as a/geéms
over an operad.

So. what is an operad ¢
... JP Mag (9F2 ... Loa/ag, Vablette 2012 ...

An o,oerm{ IS a genemﬁee/ ffpe a{ adeebm_c:

" sequence of vector spaces f,/W(n)}:,:l
(M (2) - 1he space of binary operations , ... )
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An o,oemc{ S a gener‘aﬁeec/ ffpe of aéeebm_c:
" Sequence of vector spaces {M(n)}:f:l
(JW (-2) - 4he Space of b/'narg operations g )

* The structure is endowed bg various
structure maps :

operadic composltions

éM(h)

Permu‘fmllow actHous

2

“6 ./W(J,() , ('h-l--"-'-(jk:m




. MOfPh»'SVVIS af 0peraa/s:
MO, = (W), = {Mm) = W ()17,




. Mofph»'SWlS af 0peraa/s:

M)}, — LW, = Mty — W (n) 5.,
o Qna‘v - operad :
End, (n) = Hom (V" V)




. Mof‘PI'h'SWlS af ope/‘aa/S=

M}, = (W), = M) — W) 2.,
o Qndv - operad :
End, (n) = Hom (V" V)

a/gebr‘a over
an operad

{M(m)}n —> {Endv [n)}” ~ morphism
M) = Hom (V" V)

| Repr'eseni'az‘ian —

¢.e.,




gXﬂWlp/é’ T/é Lie Olbéfaa(




Example: The Lie a,ber‘ao(
Lie(1) = Span {1} —> Hom (V,V)




fxaw:p/e The Lie a,ber‘aa(

Lie({) = S'/Oah 7‘1} Hom (V V)
Lie (2.) = Spom ‘{Z} Hom (V&Z V




ccxaw;p/e The Lie a,ber‘ao(

Lie(1) = Span {1} —> Hom (V,V)

Lie(2) = Spar [0} % tom(ve2V)
7,(¢)(a,b) =: [a,b] = -[b,a]




Exa w:p/e The Lie a,ber‘aa(

Lie(t) = Span {1§ =5 Hom (V,V)

Lie(2) = Spar [0} % tom(ve2V)
7,(¢)(a)b) =: [a,b] = - [b,a]

Lie (3) = Span { €<(1,0), €+(¢,1)}




ccxaw:p/e The Lie a,ber‘aa(

Lie(1) = Span {1} —> Hom (V,V)

Lie(2) = Spar [0} % tom(ve2V)
7,(¢)(a,b) =: [a,b] = -[b,a]

Lie(3) = Span { €o(1,0), C2(¢,1)]
J ¥
[b,[c,al] = [a,[b,c]]-[la,b], c]




The expansion 0,0€Fa0( E is defined
for a sequence of graded function spaces

@, C Coo((lpj))xn \ all a’iagona/x)
for n=23,...




The expansion 0,0€Fa0( E is defined
for a sequence of graded function spaces

@, C Coo((ﬂ?:p)xn \ all c/iagona/x)
;)00"‘ n =22 ) 3 R aa/miz‘z‘inj ex,oan.S'/'aMS'

G(x,,...,xh)

= gZ: @Z)(x"""x(f'*") G”(x,)...)xJ_,,xJ+£,...,x,,,

for | x,- xf,‘|<<lxb— <f+l<’




The expansion a,oéraa( E is defined
E(Vl) .= Om) - ‘fhe 3/‘0161@0( duaZ

@, c Coo((ﬂ?:p)xn \ all a’iagona/x)
;)00"‘ N =-Q)3)... aa/miz‘z‘/nj ex/:aﬂ.S'/'aMS'
G(x, ., %)

= ZZ: @g)(x."”’x(f'*l) G”(x,r'vxj-l)xﬁé’"'>x"

for | x,- xf,‘[<<lxb— <f+l<’




In the a,op//cantians to vertex a/gebms and
renormabization iheorg for masstess fields :

@" = 7—4@ a/gebr‘a of rai'zona/ N-pornt

. D
functions on R™ 32z, .., x,

P(x' 2~ ) with “('ig/vf— cone”

jDk ((xd ~xk)'2') (L sinjwfa rities

3radeof bg the a/egree of ﬂamageneiz‘g.
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In the a/opl/cantians to vertex a/gebms and
renormabization ibeorg for masstess fields :

@n = 7—46 a/gebr‘a of raz‘iona/ N-pornt

. D
fwnctzans on R 32, .5 Xy

P~ 5 % ~%0)

éljk (-, )% " @

\ Feg,hmom ampzl%udes g

L= waegramo(s in 1he Fegnmw ih%egra&




U[-frav:’oze% r‘emorma&&aﬁows on
C'owftgumtlam Space in terms a»,[

Fe('{mmam aw:'o&fuda: :

O — Q'((RP))

Wn
Sub("ec‘f 1’:0 (f‘ecursive) aowa//z‘ion_r,




U[-frav:’oze% r‘emorma&&aﬁows on
C'owftgumtlam Space in terms a»,[

Fe('{mmam aw:'o&fuda: :

O —> Q'((RP))

Wn
Sub("ec‘f 1’:0 (f‘ecursive) aowa//z‘ion_r,

Boaogubav gpsfé:'m - Glaser ...
Recewt : MN. arXivd009 : A/.’S'zlam)’l;o[orov R0/3
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(ﬁzenorwaﬁzaﬂom am/lgw'ﬁz{ m‘ order u:

COMMM’I‘,MJ with }

: / wlt plication b
@0~ 3o} | retbrtctesy

. R (n) ’-_;:: 0, = E(n)

Furthermore , the aper‘aa/}c wmpw/z‘ionx
in €(n) have an interpretation on R(n)
that corresponds 1o pasic operations used in
the renormalization group campos'/'ﬁou.

[













& (6,-,;)




5fﬁ6ke/berg—@ogo&1bav renormalizaviou
qrovp : the ambiﬁm‘v'y in the recursive
renormalizadion af order n
{10,— &'}
b {&)
[0, 2" [Q € £()}
L 1@}
{6, — D'




Loday |, #. 4011

We obtain a fuunctor
{OPQPO(JS_S > {@r‘ou/os}

whie pradmC?fi

. (Qemor‘m. ?raup wh v ap,ofle/ b &
. The ?rmP of formal diff. when appl. on ?M/V

. ﬂehOV‘W!. qrow'o acHon via &£ —> g"’”’v .




Tlle g—adebms are vertex afgebr‘as

1

gxloa nsion opera d &€

’

The group associated 4o & ¢ the

[enorwm group




