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@)
Geodesic flows on GL(n,R)

Forty two years after the famous paper of

Francesco Calogero

Solution of the one-dimensional n-body problem with quadratic
and/or inversely quadratic pair potentials

Journal of Mathematical Physics 12 (1971) 419-436

Bill Sutherland
Physical Review A 1971, 1972

Jiirgen Moser
Adv. Math. 1975
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@)
Geodesic flows on GL(n,R)

The Calogero-Sutherland-Moser type system, which con-
sists of n-particles on a line interacting with pairwise po-
tential V (z) admits the following spin generalization

Hpcy = Zpa+ Zfabfba To 00y
a;éb
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Geodesic flows on GL(n,R)
where

I. V(z) = Calogero
II. V(z)=a’sinh2az

III. V(z) =a’sin ?az  Sutherland
IV. V(z) = a’p(az)

V. V(z)=22+4+wz? Calogero

The nonvanishing Poisson bracket relations

S = 0;; B — 0rfaq— Gudfa
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Geodesic flows on GL(n,R)

The Calogero-Sutherland-Moser type system, which con-
sists of n-particles on a line interacting with pairwise po-
tential V (z) admits the following spin generalization

Hpcy = Zpa+ Zfabfba To 00y
a;éb
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Geodesic flow on GL(n,R)

The configuration space S of the real symmetric 3 x 3 ma-
trices can be endowed with the flat Riemannian metric

ds®> =< dQ,dQ >= TrdQ?,

whose group of isometry is formed by orthogonal trans-
formations ' = RT Q R. The system is invariant under the
orthogonal transformations S’ = RY S R. The orbit space is
given as a quotient space §/SO(3,R) which is a stratified
manifold
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Geodesic flow on GL(n,R)

(1) Principal orbit-type stratum,
when all eigenvalues are unequal z; < x; < 3
with the smallest isotropy group Z,; ® Z,
(2) Singular orbit-type strata
forming the boundaries of orbit space with
(a) two coinciding eigenvalues (e.g. x; = z3) ,
when the isotropy group is SO(2) ® Z»
(b) all three eigenvalues are equal (z; = x5 = z3) ,
here the isotropy group coincides with the isometry

group SO(3,R)
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Let us consider the Hamiltonian system with the phase
space spanned by the N x N symmetric matrices X and
P with the noncanonical symplectic form

1
{Xaba Pcd} = 5 (5a05bd SRS 5ad6bc) .

The Hamiltonian of the system defined as
1
I trp?
5tr

describes a free motion in the matrix configuration space.
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The following statement is fulfilled:

The Hamiltonian rewritten in special coordinates coincides with the
FEuler-Calogero-Moser Hamiltonian

with nonvanishing Poisson brackets for the canonical vari-

ables
(©) d <« 967 > »b
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1
{laba lcd} = 5 (6aclbd = 5adlbc = 5bdlac N 5bclad) .

Let us introduce new variables
X = 07(0)Q()0(0),
where the orthogonal matrix O(0) is parameterized by the

MA;;D variables, e.g., the Euler angles (0, -, QN(N ~v-1 ) and

Q = diag||z1,- - ,zn|| denotesma diagonal matrix. ThlS point
< /67 > Bbl



O
transformation induces the canonical one which we can ob-

tain using the generating function
F4 = [P, L s ,xN,Hl, Lo 79N(N_1):| = tr[X(x,@)P] s
2

Using the representation

b N(N 1)
Z e Z ij B )
a=1 1<j=1

where the matrices (a,,;;) form an orthogonal basis in

the space of the symmetric N x N matrices under the scalar
e« <« 1167 > »pl



product

bila.ap) = 00, tr(a;;om) = 20051, tr(ago;

one can find that P, = p, and components P,, are repr
sented via the O(N) right invariant vectors fields [,

lab

1
Pp=-——.
s 2T, — Tp




The integration of the Hamilton equations of motion

X=P, P=0

derived with the help of Hamiltonian gives the solution of
the Euler-Calogero-Moser Hamiltonian system as follows:
for the x-coordinates we need to compute the eigenvalues of the ma-
triv X = X(0) + P(0)t, while the orthogonal matriz O, which diag-
onalizes X, determines the time evolution of internal variables.
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Geodesic flows on GL(n,R)
Forty six years after the famous papers of

Morikazu Toda

Journal of Physical Society of Japan 20 (1967) 431
Journal of Physical Society of Japan 20 (1967) 2095

The Hamiltonian of the non-periodic Toda lattice is

1 n n—1
Hypr = 2 Zpi sk 92 Z exp [2(zo — T e
a=1 a=1

and the Poisson bracket relations are

{xhpj} = 5ij ¢
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Geodesic flows on GL(n,R)

The equations of motion for the non-periodic Toda lattice
are

g = T0hs (@6 = IEAR 1

Do = —2 €xp [2<xa = xa-l—l)] + 2 exp [2(Ia—1 & xa)] )
P1 = —2 exp [2(z1 — x9)],

2 exp [2(2,—1 — z,)],

and for the periodic Toda lattice
T, — Pa »

Pa = 2 exp [2(za—1 — %a)] — exp [2(20 — Zat1)]-

a < 1567 > »p O



Geodesic flov

Further for simplicity we put k,, = 0 and a = 0.

We use the Gauss decomposition for the positive—deﬁ
symmetric matrix S

S = 7 B




@)
Geodesic flows on GL(n,R)

Here D = diag ||z, xs, . .. z,|| is a diagonal matrix with posi-
tive elements and Z is an upper triangular matrix

1212---Z1n
01 ... 29n
O IR |
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Geodesic flows on GL(n,R)

The differential of the symmetric matrix S is given by
dS = Z [dD + DQ + (DQ)T] 27,
where (2 is a matrix-valued right-invariant 1-form defined
by
DA

In the Lie algebra gi(n,R) of n xn real matrices we introduce
Weyl basis with elements

(eab)ij — 5ai 5bj )
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Geodesic flows on GL(n,R)

which are n x n matrices in the form

€ab =

The scalar product in gl/(n,R) is defined by

(eab 5 ecd) = tr(efb ) ecd) = 5ac 5bd .

e« <« 1967 > »b O



Geodesic flc

Let us introduce also the matrices







Geodesic flo

with scalar product is defined by

(C—Ya 5 db) = tr(a’a C_Yb) = Oab »
(aab 5 acd) = tI‘(Oéab acd) =2 (5ad 5bc Sl 5ac 5bd) 5
e — tr(a, 0;.) = 0.




@)
Geodesic flows on GL(n,R)

Now we can write the differential of the matrix S in the
form

S = Zdl’ada—l— Z 2,005 ol

a—1 a<b=1
Here (),, are the coefficients of the matrix (2

Q:ZQabeab'

a<b
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Geodesic flows on GL(n,R)

In the case of Gauss decomposition of the symmetric matrix
S = ZDZ" the corresponding momenta we seek in the form

R (Z7) ! (Z Pati, + Y aab) 7
a=l

a<b

4 < 2467 > Bb O
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Geodesic flows on GL(n,R)
From the condition of invariance of the symplectic 1-form

tr (PdS) =) p,dz, T DS Ene
i=1 a<b=1

where the new canonical variables (z,,ps), (Za,Pas) Obey
the Poisson bracket relations

{ma apb} = 5ab > {Zab 7pcd} = 5@0 5bd s

we obtain
i lab

D

d < 25/67 > Bb O
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Geodesic flows on GL(n,R)

Here [, are right-invariant vector fields on the group of
upper triangular matrices with unities on the diagonal

lap = (Q_I)Zb,cd Ped

where ()., .; are coeflicients in the decompositions of the
1-forms (2,, in coordinate basis

Qab = Qab,cd dzcd ;

e < 2667 > Bb O



Geodesic flo

The canonical Hamiltonian in the new variables tz

22_ 2%
pr+42l =

form

a<b=1




@)
Geodesic flows on GL(n,R)

After the canonical transformation
o= €%, Do = Mg € %

we arrive to Hamiltonian in the form of
spin nonperiodic Toda chain

ZT{' —1—7 Z l2 edasdel

a<b 1
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Geodesic flows on GL(n,R)

The generators of the group of upper triangular matrices
are

la =p12 + Z Zok Pik li3 =p13 + Z Zok D1k -
k= =2
The internal Varlables satisfy the Poison bracket relations

{lab> cd} Cefab cd lef

with structure coefficients

C ab,ed — 61)0 5a€ 5df
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Geodesic flov

The generalized Toda chains are integrable
associated with Lie algebras.

H=2 Y nl+ Y et
2 k=1

a=1

where ¢,, =< oy, q >.




Type A,1

The simple roots
G =€ —€2,...,0p_1 =€Ep_1 — €Ep.

The potential




Type B,

The simple roots
AHIR=1E] 5 €9 ,. .
The potential

U . e‘ll—q2 _|_ A + eQn—l—Qn _|_ eQn .




Type C,
The simple roots
Q) =€ —€2,...,0nh_1 = €y_1 — €y, 0y = 2Ent

The potential

U=¢el"2 ... 4170 e2an




Type D,
The simple roots
QAR —C] — €2;. .. ,0p, 1 = €n ] o CoGEEN R G

The potential

U= ed1—q2 JE K eldn—1"0n S 6‘1n—1+‘1n S




Type G5
The simple roots
oy =e —ey,qp = —2e; +€3+e3.

The potential

U=¢el=%2 4 e 2a1taztas




Type Fj
The simple roots
Qi —e; —ey,00 =€y — 63,03 = €3, 0y = 1/ 2(CIENEIEEIE

The potential

T e3(@—a1—02—q3)




O

Type Es
The simple roots

a; =1/2(—eg+es+---+er—es),aa =€ —eg,

Q3 =€z —€3,04 =€3— 4,05 =€4— €5,05 = — (€1 + €3) .

The potential

U=ell 2 4 276 | o8B0 | ot 4 o—(ate) |
_|_€%(*(11+q2+q3+l14+Q5+!16+q7*q8) .
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Homogeneous cosmological models
Spacetime decomposition

Let (M, g) be a smooth four-dimensional paracompact and
Hausdorf manifold. In each point of the open set &Y C M we
propose that are defined the local basis of 1-forms and its
dual basis

a0, 1, 2 3} {e,, v =0, 12N
such that

[6017 6/3] = Cuaﬁel“

where C’,; are the basis structure functions. The symmet-
¢« <« 3867 > P



ric metric is

U g,uuw'u ®w", g_l & glwe,u X ey

We suppose that on the manifold (M, g) is defined affine
connection V

FMV - Fuuawa = Fuﬂa = <w“7 Veae/B>

In manifold with affine connection we can construct the
e < 3967 > »b O



bilinear antisymmetric mapping
TX,)Y)=VxY -WX —[X,Y]

The First Cartan structure equation is

Il
oS SRR T — iTM

The tensor type (1,3) defined by
BN V) = (w, R( X, Y)Z)
is called the curvature tensor, where

R( X, Y) = VxVy — Vi Vx — [Vx, V]

< 4067 »
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If we define the curvature 2-form Q* by
OF, = 4T IR,
one can obtain the Second structure Cartan equation
1
g — iR”mba A wP

In the Riemannian geometry the commutator of two vector
fields is given by

B v -V, X

and for every vector field X we have the condition Vyxg = 0.
¢ <« 4167 > P

O



O O
The connection and the Riemann tensor in the noncoordi-

nate basis {¢,} are given with

1 o
Fﬂaﬁ S 5.9” (eagﬂa S5 €900 — eagaﬁ)

I 1
_igu (gapcpﬂa S g/BPCpozU) N icuaﬁ )

R el T, — I
where C* ; = I';, —T* ;.

Hereinafter we suppose that

M:Tlxzt

(©) e« < 4267 > »b O



Let us introduce the noncoordinate basis of vector fields

{eLa 6(1,}

& e.] = Ciaﬂ + Cdmed ;
[ea) eb] = Cdabed )

with the structure functions

1
e c.InN, @ N(N”(J o+ eaN%)

The metric in the corresponding dual basis {0+, 6°}

g= 060+, 9“@9”

¢ <« 43567 »



where v is the induced metric on the submanifold ;. The
components of the vector field X, in this basis

XO = N@J_+Na6a

are the Lagrange multipliers in ADM scheme which can

be obtained if we pass to the coordinate basis { X, = %, aia

g=—(N? = N°N,) dt ® dt + 2N,dt ® dz* + Yapdz® ® dz®

The second fundamental form characterizes the embeding
of

¢« <« 44 /67 >  »rl



Zt in (Ma(J)
K(X,Y): TuM x T,M — R

i
K(X,Y) = Q(Y.Vxej_ = X.Vyej_), X,YETZt

The another representation for the extrinsic curvature is

1
Kab = _§£6L7ab

To find the 3 + 1 decomposition we define the induced on

4 < 45567 > Bb O



the >; connection
3FCba = Fcba = <39073v6a6b>’

where ®Vy is the covariant derivative with respect to v and
corresponding curvature tensor is

R V0V — WiV — PV, VW]

In the basis {e, ,e,} we find the componets of the connection
¢ <« 46/67 > P



1i —

J N J - J
& =& IV, =
R L. .
FiL_CZ7 ].—‘J,L—_[(V]Z7
J N 30j \ kE  _ 31k
[ (0, L, e, Fz’j_ Fij

and of the Riemann tensor
] ) ) TR
R L K + NV”?’V% Vo BE

R ij vsszj ve]Kik7
R = Ry, + Kin K, 47f/(67 LW

I4¢ ~ «



Finally the scalar curvature can be obtained in the form

2
7’7ab3vea3vebN o 2,}/ab‘cel Kab

R L KK, - 3K, K. T

The Hilbert-Einstein action is

L[N, No, Yooy N, Na, V] = // dt aN{3R+K “H 3KabK“”}
t1S

to
2
. / / dt 30N {Nyab 3y, 3y N O EeLKab}

where o = /7 0' A0?> A 6° is the volume 3-form on ;.

e < 48/67 > »b O



Bianchi models

L. Bianchi 1897
Sugli spazii atre dimensioni du ammettono un gruppo continuo di

mouvimenti
Soc. Ital. della Sci. Mem. di Mat.
(Dei. XL) (3) 3 267

By definition, Bianchi models are manifolds with product
topology

M:RXG:;

On the three dimensional Riemannnian manifold >;y there
¢ <« 49567 > P



@)
exist left-invariant 1-forms {x*} such that

1
an N _acabc Xb A Xc

The dual vector fields {{,} form a basis in the Lie algebra
of the group Gj

[gaagb] = Cdabé.d

with structure constants C?, = 2dx%(e,, ey). In the invariant
basis

[eJ_a ea] = Cdj_aeda [eav eb] = _Cdab€d7
with C¢ = N 'N°C?, the metric takes the form
=0 R0+ Yo 0° @ 6

O 4« < 5067 »






The preferable role of this choice for a coframe is that the
functions N, N* and 7,, depend on the time parameter ¢
only. Due to this simplification the initial variational prob-
lem for Bianchi A models is restricted to a variational prob-
lem of the “mechanical” system

to
L(NyNay'Yab»'j/ab) :/dtﬁN[gR_KaaKbb‘f‘KabKab}a
t1

where °R is the curvature scalar formed from the spatial
metric y

1 ab e 1 ab_ c i j
3R &S _57 bC daOdcb I 17 b7 dlyijC acCde7
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Table 1
The Bianchi-Behr classification of groups

class | type N
1 0 0 010
IT |1 0 010
A Vp |0 1 -11]0
VI, |0 1 110
VIII {1 1 -1|0
IX |1 1 11/0

<< < > >



Table 2
The Bianchi-Behr classification of groups

\Y 0 0 0N/

v 0 0 1S

G, <0 |0 1 1] vEd
(III=VI_;)

A 0 L 1| va

and b
[(ab ™ _ﬁ ( (W/GdCdbc S ﬁ)"’bdcdac)"\w + A‘/ub )

l«« <« 5467 > »pl



Table 3

Relation between Thurston’s geometries and BKS types

Thurston’s geometries | BKS types | class | sectional curvature
R? I, VIl A 0,0,0
83 IX A 15158
H* \% B ~-1,-1,-1
VIl,, a >0 —a?,- 0%, —a?

441




Table 4
Relation between Thurston’s geometries and BKS types

— 5 1 1
SI2R, | VIIT | A [ =S

g 1 11
N’Ll 11 A 4 4%

R, | A 11,1

is the extrinsic curvature of the slice >; defined by the

l«« <« 5667 » Ppl



relation ]
Kab = —§£el7ab

In the theory we have four primary constraints

oL oL
B — —0, ™ i=—=0
ON ON,
a 6L ) a
e _W(VabKi_Kb)

= 6’3/ab =

The symplectic structure on the phase space is defined by

<« <« 57 /67 >  »rl



O

the following non-vanishing Poisson brackets

1
B =1, (N, ) = o0 5(5’;53 n 55755)

Due to the reparameterization symmetry of inherited from
the diffeomorphism invariance of the initial Hilbert-Einstein
action, the evolution of the system is unambiguous and it
is governed by the total Hamiltonian

Hr = NH + N°H, + woP° + u,P°

with four arbitrary functions u,(t) and uy(t). One can verify
¢« <« 5867 > P



that the secondary constraints are first class and obey the
algebra

{H, Hp} =0, {Hao, Hp}=—-C% Hy

From the condition of time conservation of the primary
constaraints folllows four secondary constaraints

1 1
H = ﬁ (W“bwab - éwaawbb) — T °R. H. = Cdabﬂbc%d,

which obey the algebra

IR {7, i) — — O

< 5967



O
The Hamiltonian form of the action for the Bianchi A

models can be obtained in the form

to
L[N, Na,%b,w,ﬂa,ﬂab] = /W“bdfyab — Hedt

t1

where the canonical Hamiltonian is a linear combination
of the secondary constraints Ho = NH + N*H,.

4« < 60/67 > »b O



Hamiltonian reduction of Bianchi I
cosmology

In the case of Bianchi I model the group which acts on
(3¢,7) is T and the action takes the form

to
L[N, Na,’yab,7r,7r“,7rab] = /W“bd%b — NHdt.

t1

Using the decomposition for arbitrary symmetric non-singular
matrix

it (00" R0,

e < 1/6 > O



where X = diag||x1, z2, 3]| is diagonal matrix and
R(1,0, ¢) = e¥73efT1edls
we can pass to the new canonical variables

(IYaba 71-ab) — (Xaa Pchigs La, pa)

The corresponding momenta are

3 3
r=R (37,3 + ZPsozS> R
Sl o sel



where
fOL :pa7
Po= (cycli tations a # b+ c)
.= ——-—————— (cyclic permutations a
4 sinh(zp — ) - L N 5

and the left-invariant basis of the action of the SO(3,R) in
the phase space with three dimensional orbits is given by

sin
§1 = — id Dy + €os Y pg — sin) cot O py,
sin 6
cos )
o —— id Py +sine pg + cospcot b py
sin 6
53 :pw e« <« 6367 > BB O



In the new variables the Hamiltonian constraint reads

1 3
Hpr = 5 Zpa Zpapb R Z
a=1

a<b

smh — Tp)
Another form for the Bianchi I Hamiltonian is

1 3
HBI:§ Zpa Zpapb-i-* Z 12, eV e
@=Il

a<b a<b 1

¢ <« 6467 > P C



Hamiltonian reduction of Bianchi 11
cosmology

By definition on the three dimensional spacelike subman-
ifold acts the Heisenberg group H(1). The right-invariant
vector fields we choose to satisfy the Poisson bracket rela-
tions

e -
&, &} =0,
{ef.&'} =o.

I« <« 65/67 > Pp



O
If we use the Gauss decomposition for the 3-metric

v=2TDZ

we obtain the Hamiltonian constraint for the Bianchi II
model in the form

1 1 b
ot (p1 + P2 +p3)+§l§3ey3 y2+§e2yl.

(©) 4 < 66/67 > »b



Many thanks
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Also many thanks to all of you
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