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RHP with canonical normalization

ET(Z,t,0) = € (3, )G(T,t,\), A eR, Jim £7(7,1,A) = 1,
—00
EE (T, N) €GB
Consider particular type of dependence G(Z,t, \):

.0G " . B 0G , . B
28% — N [Js, G(Z,t, \)] = 0, i~ NK,G(Z,t,\)] = 0.

where J; € h C g.
The canonical normalization of the RHP:

ET LN =exp QT 1), QE LA =) Qu(@ A"
k=1

where all Q(Z,t) € g. However,

A

T (T, t,N) = E5(Z, 6, \) JLEE (T, 8, \), K(Z,t,\) = &5, 6, \VKET (2,1, \),



belong to the algebra g for any J and K from g. If in addition K also
belongs to the Cartan subalgebra §, then

[js(fa t: >‘)7 K(fy t, )\)] — 0
Z.akharov-Shabat theorem

Theorem 1. Let £F(x,t,\) be solutions to the RHP whose sewing func-
tion depends on the auxiliary variables T and t as above. Then £¥(x,t, \)
are fundamental solutions of the following set of differential operators:

-
L€ =108 L UL(E N E )~ X[ €5 (2.1, 0)] =0,
+ OE* + (= k + (= _
Proof. Introduce the functions:
+ /= A 8£:|: ~+ )\k: + /= A\ ct = A\
gS (x7 t’ ) ax g ( ) _I_ g (x7t7 )Jsf (x7t7 )7
O+

g5 (3,1, \) = z—£i< )+ NREE(E N KEE (T, T, ),



and using

oG, L G, )
281‘8 — A [JS,G($,t,)\)] —O, ’LE — A [K G( )\)] = 0.
prove that

g (Z,t,\) = g (T,t,)), g7 (Z,t,\) =g (Z,t, ),

which means that these functions are analytic functions of A in the whole
complex A-plane. Next we find that:

lim g} (Z,t,\) = A*J,, lim g7 (Z,t,\) = \'K.

A— 00 A— 00

and make use of Liouville theorem to get
g:(f7ta)\):gs_( L, 7 )‘kJ_ZUSl )\k l

g (&6, 0) = g7 (Z,t,\) = \°K — ZVz AR



We shall see below that the coefficients U, (%,t) and Vi(Z,t) can be
expressed in terms of the asymptotic coefficients Q, of £ (&, ¢, \).
Now remember the definition of g (Z, ¢, \)

:l: A A
0 (F1,0) = 15 €5 (@,1,0) + X (F, 1, ) L, )
:CS
k
= \NJg =) U@, )N,
=1

Multiply both sides by ¢ (&, ¢, A) and move all the terms to the left:

k
+ Z Us;l(fv t))‘k_lgi(fvta >‘) o Ak[']&fi(fata )‘)] — 07
=1

&

i
0x

ie. L,&E(Z,t,\) =0. O]
Lemma 1. The set of operators Ly and M commute

Ls, L] =0, Ls, M] =0,



i.e. the following set of equations hold:

oU,  0U; ~ B
ow i+ UL 62) = NT U (3,0 = ARTj) = 0,
o0Us 0V _ y . .
_ B R — 0,
i, 26:1:3 + [Ug(Z, 8, \) — N T, V(Z,t, ) — A"K] =0
where
k k
Us(fy t, >\) — Z Us l(f, t))\k_l, V(f) t, )\) — Z W(f, t))\k_l
=1 —

Jets of order &

How to parametrize Uy (Z,t, \) and V(Z, ¢, \)?
Use:

EEE LN =expQ(F,t,N), Q@ LA =) Qu@ A



and consider the jets of order k of J(z,\) and K(z, \):
To(@,t,0) = (M@ 1, NIEEE X)) = Ny = Uy, ),
_'_
K(Z,t,)\) = (Akgi(:z, LN KEE(Z, 1, )\)) — \K — V(2,1 \).
+

Express Ug(z) € g in terms of Q4 (x):

— 1
Ts(Z, J+Z—adQJS, K(#,t0) =K+ ) adgK,
k=1

ad gz = [Q,Z], ad 2 = [Q,[Q, Z]],



and therefore for Ug,; we get:

1
Us1(Z,t) = —ad g, Js, Uso(Z,t) = —ad g, Js — Sad o, s
1 1

Usia (1) = —ad g, Js — 5 (ad g,ad g, +ad g,ad g,) Js — Eadg s
B 1
Ui (%,1) = —ad g, s — 5 Y adg,adq,Js
s+p=k
1 1,
- Y adg.adg,adg,Js — - — 71240, s
s+p+r=~k

and similar expressions for V;(Z,t) with Js replaced by K.



Reductions of polynomial bundles

a) ATzt AN)A=E(21,)),  AQM(z,t,eX)A = —Q(z,t, N),
b) Be Y (x,t,eN)B = £ (x,t,)\),  BQ*(x,t,eN")B = Q(z,t,\),
c) C&PT(a,t,-NC =€ (v,t,)), CQN(x,t,-N)C = —Q(z,t,\),

where €2 = 1 and A, B and C are elements of the group & such that
A? = B? = C? = 1. As for the Zy-reductions we may have:

DE* (z,t,wA)D = €5 (x,t, N), DQ(z,t,wA\)D = Q(x,t, ),

where w® =1 and DV = 1.



On N-wave equations — £ =1

Lax representation involves two Lax operators linear in A:

L :Z%%—[J,Q(Iﬂf)]f (%,t,A)—)\[J,f (I,t,)\)] _07
+
Mgt =% 4 (K, QU 0)€H (.1 0) — MK, €5(F,1,1)] = 0.

The corresponding equations take the form:

ot ox

0 wur wus 7 — dine (ar 4o a
Q(xat): (Ul 0 ”LLQ>, 1 g( 1,62, 3)7

|0 52] - 52| - QLK Qo) =0

K = diag (b1, ba, b3),



Then the 3-wave equations take the form:

(‘911,1 a; — as 811,1
W B bl — b2 ox
6’u2 ao — Aas 6u2
E B bg — b3 ox
8u3 aip — as 8u3

W_bl—bg ox

+ /{€1€Q’LLS’LL3 — O,

*
+ rkejujusz = 0,

* X
+ Keaujus = 0,

where

K = al(bg — bg) — az(bl — bg) + ag(bl — bg)

For 3-dimensional space-time we consider ) of the form (), but now
let u; and v; be functions of 1 = x, x2 = y and ¢. Let also J; = J and

Jo = I = diag(cy,ca.c3). Now the corresponding solution of the RHP
¢+ (x,y,t, \) will be FAS not only of L and M above, but also of

= :'E + (7 _ + (7 _
PE* =i+ [1Qa, 0)ET (7,1, 0) = AILET (7,1, 0)] = 0,



and all these three operators will mutually commute, i.e. along with
L, M] = 0 we will have also [L,P] = 0 and [P,M] = 0. As a result
Q(z,y,t) will satisfy two more 3-wave NLEE

0u1 aip — a9 8u1 al — ao 0u1
23— — - Fug = 0,
875 bl — b2 8:1: C1 — C2 &y * (lil * 52)€1€2U2’U}3

8U2 a; — as 8u2 a1 — as 8u2
2= — - *ug = 0,
ot b1 — b3 ox C1 — C3 (9y * (lil * %2)61/&1“3

2%_ ag—a38u3 B ag—a38u3
ot b2 — b3 ox Co — C3 (93/

+ (k1 + K2)eaujus = 0.

K1 = a,l(bg — b3) — &Q(bl — bg) + ag(bl — bg),
ko = a1(ce —c3) —as(c1 — c3) + as(cy — c2).

For N-wave equations related to Lie algebras g of higher rank r we
can add up to r auxiliary variables:

P22 S (ady ady) 0% —i'Y ady) [[.Q). [ QD] = 0
s=1 s

s=1



where () is an n X n off-diagonal matrix depending on r 4+ 1 variables.
We remind that if J = diag (a1,...,a,) then

_ 1
(ad Q) = ([, QD)jk = (@ — ar)Qjr,  (ad ;' Q)jx = P Qjk;
J
and similarly for the other Jg.
New 3-wave equations — k > 2
Let g = sl(3) and
0 wup us di1 W1 Ws
Q17 t)=| —v1 0 w2 |, Q2(Z,t) = | —21 qo2 w2 |,
—vg —vy 0O —Z3 —Z2 (33
Fix up k£ = 2. Then the Lax pair becomes
O+ _
L6 =i % U, t, NEH (. 0) — N, €5, 1, 0)] = 0
T
+ (%i 4 2 +
ME =i—=— 4+ V(x,t, )& (x,t, N) — A K, E (x,t, )] =0,




where

U = Uy + AU, = ([J, Q2(@)] - 2[17,Qul, Ql(zv)]) FALQ,

V=V+ )\Vl — ([Kv QZ(x)] R HK7 Q1]7 Ql(x)]> + )‘[Ka Ql]

Impose a Zs-reduction of type a) with A = diag(1,¢,1), €2 = 1. Thus
21 and ()2 get reduced into:

0 u O 0 0 ws
Qi=|eu; 0 ux |, Q2 = 0 0 O :
0 eus O ws 0 0



New type of integrable 3-wave equations:

. ou . ou . k(ar — a

Z(CLl — CLZ)@—; — ’L(bl — b2)8—331 + ERUSUS + € (211_ a;)) ’U,1|u2|2 — 0,
, ou , ou . k(ae —a

i(ag — ag)c?—tQ — i(bg — b?’)a—; + ekujus — € ((af_ a33)) up [Pus = 0,
, ous . ous ik O(ujus)

a1 = ag)ﬁ (b - bg)% B a1 —as Ox

apr —a as — a
o (St 2222y + e [uaf?) =
a1 — as a; — as

where

2&2 — a1 — as
2(0,1 — CL3)

k= ay(by — b3) —as(by — b3) + az(by — b2), U3 = ws + U Uo.

The diagonal terms in the Lax representation are A-independent.



Two of them read:

. O|u 2 ) O|u 2 * * %

i(a1 — az) |8i| — 1(by — ba) |8;:‘ — er(uruguy — ujusus) = 0,
O|u 2 ) O|u 2 * * ok

i(az — a3) |3§| — 1(by — b3) |(9:12:‘ — er(uruguy — ujusug) = 0,

These relations are satisfied identically as a consequence of the NLEE.

New types of 4-wave interactions

The Lax pair for these new equations will be provided by:

Ly = Z?;:ﬁ + (Us(z,t) + AU (2,1) — N2 T)(x,t,\) = 0,
My = ’iﬁw

o7 T (Va(@,t) + AVa(e, 6) = ME)p(w, ¢, 4) =0,



where Uj(x,t) and V;(x,t) are fast decaying smooth functions taking
values in the Lie algebra so(5)

Ui@.t) = [J.Qu@. )], Uslz.t) = [J,Qalz. )] — %adQ o,
Vl(xvt) — [K,Q1<£C,t)], ‘/2(33775) — [Ka QQ(CUat)] — %adQ 1K-

Here ad g, X = [Q1(z, 1), X].
Assume Q1 (x,t) and Q2(x,t) to be generic elements of so(5):

Ql(fC,t) — Z (qcleoz —I_p(lyE—Oé) + T%Hel + T%H627
(IEA+

QQ(ZC,t> — Z (C]iEa +p(2)4E—Oé) + T%Hel + TgHega
(XEA+
J = CLlHel + CLQHeQ — dlag (CLl, as, 07 —az, _a’l)7
K =0bH,, +byH,, = diag (b1,bs,0, —by, —by),



Next we impose on Q1 (x,t) and Qz(x,t) the natural reduction
BoU (x,t, e)\*)TBo_l = U(x,t, \), By = diag(1,€,1,¢,1), € =1.
As a result:
Bo(x*(x,t,eN)) Byt = (x (2,6, X)), Bo(T(t,eX*)) Byt = (T(t, )7,

which provide p! = e(q¢l)*, p? = €(¢?)*. Then the Lax representation
will be a (rather complicated) system of 8 NLEE for the 8 independent
matrix elements ¢} and g¢2.

However we can impose additional Zs reduction condition

Dfi(ilf,t,—A>D :gi(llf,t, )‘)7 DQ(iC,t, _)\)D — Q(ZC,t,A), D = dlag(la_lala_lal



Ql(ﬂj, t) — ulEel—eg _|_ UQESQ _|_ u3E€1—|—62 _|_ le—el—i—eg _|_ UQE—GQ _|_ UBE—el—eg

(0 ur 0 ug 0
V1 0 U2 0 Us
= 0 V2 0 U9 0 y
U3 0 V2 0 U1
\ 0 vs 0 v; 0

QQ((L’,t) — u4E61 —|_ /U4E—61 —i_ leel —|_ w2H€2

w1 0 Uy 0 0
(O wy 0 0 0 \
= W4y 0 0 0 Uy ,
0 0 0 —wy O

\ 0 0 —vs 0 —w )

J=a1H., + azH., = diag (a1, az,0, —az, —a1),
K = blHel + b2H62 — dlag (b17 b27 07 _b27 _b1)7

Combining both reductions for the matrix elements of Q,(z,t) we have:

* k >k k
v = €uy, Vo = €Uy, U3 = €U, V4 = Uy,



The commutativity condition for the Lax pair

_ 0V2 8V1 ) 8U2 aUl 2 2 _

must hold identically with respect to A\. The terms proportional to A\?,
A3 and \? vanish identically. The term proportional to A and the -
independent term vanish provided (); satisfy the NLEE:

v, U
za—; _ za—tl + [Us, V4] + [U1, V1] = 0,
Z% — Z% + [UQ, VQ] = 0.



In components the corresponding NLEE:

— 2i(ay — ag)% + 2i(by — bg)% + Keus (eususz — uits — 2uy) = 0,
— 22'0,2% — Qibg% — r(uge(Juz|* — Jui]®) + 2usu} + 2euiuy) = 0,

— 2i(ay + ag)% + 2i(b1 + bg)% + Kug(eusus — ugug + 2uyg) = 0,

— 22'0,1% + Qibl% -+ z% (—(2a2 — a1)uius + (2a2 + aq)eusug)

4 i(2by — bl)a(l(;;uz) (20 + bl)ea(%i“3) — ki (2eus(jur|? — Jus|?)

+ eulug(\ul\Q + 3\u3|2) — u3u§(3\u1\2 + \u3|2)) = 0.

Let us now introduce

1
Uy = ug — %((al — az)urus + (a1 + az)eusus).
1



As a result we get:

ou;  Ke

— 22’(&1 — CLQ)— -+ 2’&(()1 — bg) — : Uo (2&1“4 + €d2U- U3 + (2&1 — &2)’&1”&2) = O,
a (4 u a1 + as)|u as|u
2 Y 2 ) ) 2 1 2 3 2101

— 2k(usUy + eujUy + ujususg) = 0,

. ou . ou K .
— 2i(ay + ag)—8t3 + 2i(by + b2) 8:133 + - us(€(2a1 + ag)usug — asuius + 2a1U4) = 0,
1
. 0Uy ., 0Uy ik Ougug ke Qudus
— 2ta1—— + 21b —
1 ot T 201 ox + a1 Ox a1 Ox

K *
- (2€Us(Jur|* — [us]?) + (eurug — ugu3)((2a1 — az)|u1]® + (2a1 + a2)lus|?)) =0,



More new equations

Consider g ~ sl(3); k=3

oY

Lip=is-+ (Us + AUy + XUy — X2 D)p(x,t, \) =0,
_ oY 2 3 _
My :ZE + <V3—|—)\VQ+)\ Vi—2A K)¢($,t,A) =0,
The NLEE
oUu oV
’LE — ’L% — [U(ZC,t, )\),V(I’,t, )\)] = (.

Independent matrices: (1, Q2, Q3.  Reduction: Q; = €Q)7;
Number of independent functions: 9 or less if reductions are used.

Mikhailov reductions: Use automorphism of third order:
Choose Z = diag (1,w,w?) with w® = 1.



J = diag (a1, as, a3), K = diag (b1, b2, b3),

0 u O 0 0 ws ds 0 O
Q=0 0 ux |, Q= |wv 00 |, Qs=| 04ds O
us 0 O 0 V2 0 0 O d5

1
UlzadQlj, ngadQ2J+ §adQ1adQ1J,

1 1

Us = ad g, ] + 7 (ad g,ad g, +ad g,ad g,)J + 6adS ,
1

VlzadQlK, ngadQQK—l—§adQladQlK,

1

1
V3 = adQ3K+ i(adQladQQ + adQQadQl)K—i— 6

ad31K,

U(z,t,\) = Us + AU + N2Up + N2, V(z,t,\) = Va 4+ AVs + A?V] + VK,



llzzil?——klf(x,t,A), A4'Ezif?—%—‘/(x,t,k),

ox ot
NLEE:
o0V oU
’L% — ’La + [U(le,t, )\), V(I‘,t, )\)] = 0.
. ou . ou K
z(a,l — a2)6’—tl — Z(bl — bg)a—xl -+ Z(ulﬂg -+ 2U3)(U1U3 — 2’02) = O,
. ou . ou K
’L(CLQ — ag)a—; — Z(bg — b3)8—; + Z(UQU/?, + 2’01)(’&1’&2 — 2’03) — O,
. ou . ou K
z(a,l — ag)a—tS — Z(bl — bg)a—; — Z(UQUS — 2’01)(U1U3 + 2’02) = O,



- Ovi Ovy | iay O by 0
—i(ar — az)% + (b1 — b2) (;2 - ZC;?’ (u5tu3) _ 223 (1(;2;3)
K

_ 5 (U3U3(U2U3 - 2’01) + U2U3 (UQ’UQ -+ 2’LL1’01> + 2%2@1?)2) — 07

, ova . Ovy  iay O(uiug) by O(uqus)
_ _ il bo — b _
iag —ag) 5 +ilbe = by) 50+ - =5 2 ox
K
— 5 (U303(U1’UJ3 + 2?}2) + U1U3(’LL1’01 + 221,27)2) — 211,17}1’1}2) == O,
_ dvy . Ovy  day O(uiuz) by O(ujus)
_ 2 (b — b _
ilar = ag) 57 —ilby = bs) 5 "+ 7 = 2 ox
K
— 5 (ulvg(ulvl -+ 2’LL3’03) + UQUQ(UlUQ — 2’03) + 2’LL1’01’03) = O,
where
ay = 2a; — as — as, ay = 2as —aj — as, ay = 2a3z —aj; — as,

bv:2b1—b2—bg, b¥:2b2—b1—a3, a§:2a3—a1—a2,



Soliton solutions

Dressing method — Zakharov and Shabat 1974. Developed for £k = 1, but

it can be extended to k > 1!
Let & (x,t,\) be a regular solution to the RHP

5 (z,t, \) = &5 (2,8, \)Gol(z,t, M), A e R, Ahm EF(x,t,\) =1,
— 00
aGO k . 8G0 k L
A AT, Go(z,t, \)] =0, i N K, Go(x,t,\)] = 0.

where J, K € ) C g.
Construct new singular solution to the RHP that will depend on

additional parameters:

EX(x, t, \) =€ (2,8, \)G(x,t, N, G(z,t,\) = u_Go(x,t, )\)uil,
EN(x,t, ) = u(x, t, )\)fg(:c,t, )\)uzl()\), u_ = lim wu(x,t,\).

T——00



Construction of u(x,t, \) by Zakharov-Shabat anzatz:

k
u(x,t, ) Z o ds = NwtTh W = 2R,

Typical form of the residues:

ns){ms|
(ms|ns)

Ins) = & (2,8, A )e X=X K ng ),

<m8| _ < S‘ezAka—l—zA tho (I’ t by )

P, =

The effect of the dressing: adds new discrete eigenvalues to the spectrum
of L!



BD.I-type MNLS - soliton interactions

-]

Z@ =+ Jxm + Q(Q"T’ cj)cj’(x,t) - (q_; Soq_>80q_*($,t) =0, S0 —

—_— O O

=
}_\

o O

Ly(z,t, \) = 0,90 + (Q(x,t) — AT )Y(x,t, A) = 0.
M(z,t, ) = i0pp + (Volz,t) + AVi(x,t) — N2 )(x, t,\) =0,
dQ 1

Vi(z,t) = Q(x,t), Vo(z,t) =dad ; 13 [ad le,Q(a:,t)] .
where J = diag(1,0,...0,—1) and
0 g- 0 2r41 0 0 1
Q=|» 0 soq |, So= Z (—1)" ' Epopyok =10 -5 0 |,
0plsy O k=1 1 0 O

Here (Ekn)ij = 0ix0n; and the 2r — 1-vectors ¢ and p' = ¢* take the form

C_T: <Q17 ceesqr—1,490,4—1, - - . 7Q—’I“—|—1>T

Y



The dressing factor u(z, A\) € SO(2r + 1)

u(x,\) =1+ (c(\)—1)P(x,t)+ (ﬁ — 1) P(x,t), P =S5,'PLs,,

where P(x,t) and P(x,t) are projectors which satisfy PP(x,t) = 0.

e, ) (nl ()
P = T e im0y

na(2,1)) = xg (2,1, A7) Ino.1),  e(N)

A=A
A=A

Taking the limit A — oo we get that
Q(l)(xvt) T Q(O) (:Cat) — ()‘1_ o )‘ii—)[*]a P(ZC,t) o F(ZC,t)]
If Q) = 0 and put )\fE = pxiv, xg (z,t,\) = e" A2
ay (@, t) = =2iv (Pu(x,t) + (=1)" P oy 41 (2,1)),

where k = 2r + 2 — k.



The one-soliton solution reads

_,L-Ve—i,u,(a:—’vt—&)) o .
— — 1Pk 1 k . __—z+iog
Tk cosh 2z + A3 (ake T age ) 7
2 .2
o=t = () = v —ut - &), (1)
[
2

¢ = Ly Po2rs] _ 720,k 2 _ Dz N0kl

v |noal VInoilnoeri1] " 2lng,1m0,2041]
and 0o = argng,1/p = —argno,2,+1/1, Gx = argng r and

S 21 g+ (—1)7n8 40 = 0.
k=1

For r = 2 we identify ®; = g3, ®¢ = ¢3/Vv/2 and ®3 = ¢4 and get:

2iv\/opage” Evi0%)

b = — cosh 27 1 A2 (cos @41 cosh z41 — isin¢q sinh z41),
G2 + P4 L. ay

P2 — P4
— _ P
2,LL ) ¢:|:1 9 <41 Z+ 9 n o )

0+1 = 0o F



V2ivage#(z—vt=do)

b, =
0 cosh 2z + AZ

(cos ¢3 sinh z — i sin ¢3 cosh 2) .

N-soliton interaction for the BD.I VNLS

Apply the dressing method in the form:

X?:l) (.%’, >\> — W (iC, ta )\)le(:)) (:Ea ta >\>/&’1_ <)\)7
wp (2, \) =14 (c1(N) = D)Pi(x,t) + (¢ (N) = 1) Py (x, 1),
AN p_ I
— — 1 —= 7\
A\ — )\1 <TL1”I7,1>
n1) = x(oy (@, 6, A )In1o),  (na| = (naolX gy (%, 1, A7)
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Then the FAS X?(E)) (z,t,A) correspond to the dressed Lax operator L)
with potential Q)(1y(x,t) which has two discrete eigenvalues: A\ e Cy.

Q) = Qo) — 2un[J, Pi(z,t) — Py(x,t)].



Choose Q) = 0; therefore
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N-soliton solution by applying N times the above procedure:
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The asymptotics of Py(x,t) for z; — +00 are given by:
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The asymptotics of us(x,t, \) for z; — 400 are given by:
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Derive the asymptotics of the N-soliton dressing factor uns(x, t) keep-
ing zn fixed and taking ¢ — oo and ¢t -+ —o0. In doing this we assume
that each two solitons move with different speeds, i.e.:

Mk #:usv for k‘#S

We start with the asymptotics of us(x, A) and for pus > puy we easily get
the result:
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If ug < uny we get:
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Finally we evaluate the limits of Py (x,t) with the result:
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Thus we find:
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Thus the N-soliton interactions of the BD.I-VNLS are like for the scalar
NLS case. The only effect of the interaction is the shifts of relative center-
of-mass coordinates and of the phases:
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Conclusions and open questions

e More classes of new integrable equations: i) higher rank simple Lie
algebras; ii) different types of grading; iii) different power k of the
polynomials U(Z,t, A\) and V(Z,t, \) and iv) different reductions of
U and V.

e These new NLEE must be Hamiltonian. View the jets U(Z,t, \)
and V (Z,t, ) as elements of co-adjoint orbits of some Kac-Moody
algebra.

e Apply Zakharov-Shabat dressing method for constructing their V-
soliton solutions and study their interactions.



